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Let P be the polynomial of degree less than or equal to n which is the best
approximation to a given f in C[—1, 1]. An approximation to P can be
computed by choosing a finite subset F of [—I, 1] and calculating the
polynomial P,., of degree less than or equal to n, which best approximates f
on F. Then if | F| (see Eq. (3)) is small, estimates show that the discretization
error, as measured by ||# — P, is also small |5, pp. 84-100; 20, pp. 33-47;
22|. A classical choice for the set F of m points is

{cos((2j — Dn/2m): j=1,2,..., m} (1)

|5, p. 93].

A natural formulation of this discretization problem, developed below,
leads to a specific criterion for the choice of points in F. It will be shown
that, by this criterion, the choice of points in (1) is asymptotically best, but
not best.

Consider a strictly monotone function ¢, mapping an interval [a, &| onto
[—1, 1], which is continuously differentiable. Then

dix, y)=16""(x)— ¢~ '(¥)| ()

defines a metric on [—1, 1] which is equivalent to the Euclidean metric. This
function @ will play the same role as the function cosx on [0, 7] in the
classical treatment [5]. If the bound on {¢’| on [a, b] is M, the mean value
theorem shows that d(x, y) > (1/M)|x — y|. If M > 1, we can, with no loss
of essential generality, consider, instead of ¢, the function ¢(x/M) on
[aM, bM |; and so we will suppose that

dix, y) >1x— y|
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For a subset £ of [—1, 1], set

[F|=supinf {d(x, ¥): yin F.xin |—1. 1]} (3)

For any set G not |—1, 1), let

Il gli; = supf| g(x)l: x in Gy
X

and reserve || g||, without the subscript, for the C|—1, || norm. As usual. 7,
denotes all the polynomials of degree less than or equal to 7. and w, is the
modulus of continunity of f.

THEOREM 1. For fin C|—1. 1|, let P be the polynomial in m, which best
approximates [ (on |—1, 1]), and. for a given subset F of |—1.1|. let P, be
the polynomial in ©, which best approximates f on F. Then

IP—P|<C|wld)+2 4

1= <C w0+ 217 )
whenever |F| <6 < 1/K,. The constant C depends only on f and n., not on o
or F. The constant K, is the norm of the derivative D when restricted to the
subspace n, o ¢ of all functions of the form Qo ¢, in 7,

K,=|D| (5)

-

Progf. The proof is similar to |5. pp. 91-92]|. By the strong unicity
theorem |5, p. 80].

1P =Pl < (/y)ILf = Pl = [/ = Pl (6)

where y is a constant which depends on f and s, but not on F (or ¢). If
inequality (4) holds whenever [F| < 4, then it also holds for [F|=4, so
suppose that |F|<d. There is a point x in |—1.1] at which
[ f(x) — Pp(x)=|/— P,ll, and a point y in F with d(x. ) < §. Write

I/ = Pl SIS = S0+ 1P() = P + 1) = PO (7

Since ¢ has been normalized so that d(x, y) > ix — y/, the first term in (7)
is bounded above by w{d). To bound the second term in (7). note that the
function P, o ¢ belongs to the subspace 7, o ¢ on which the derivative D has
norm K, . From the mean value theorem,

[Pe(¥) = Pr(x)| = [Pp(d(9 '(x))) — Pr(0(6™ (1))
= Kn(HPr © 0 ”[a.h]) ‘0 l(x) o @ l(.}‘)i‘
< Kn HPIH 6‘
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Then ||f — Ppll = If =PI < I/ = Pell = I/ = Plle < IS = Pell = ./ — Pl
< | f =Pl — |/ (¥) — Pe(»)ls and from inequality (7) and the bounds on its
first two terms,

IS = Pel = Ilf — Pl wAd) + K, 3 [| Pl ®

Now to bound || P,|: consider a polynomial Q in 7, which attains its norm
on |—1,1] at a point x, and choose y in F with d(x, y) < J. Then || Q] <
1Q(x) = Q(») +1Q(»)), and

1QI<UQ )P~ (x) —(Q o d)@ ™ (W +1Qlls- 9)

As above, the first term in (9) is bounded by K, 6| Q||. If J is small enough
to have 6K, < 1, it follows that

1
1ol <‘1TK—5‘HQ“F~ (10)
For Q@ =Py, || Qlly <I|Pr— fllr + | Fllr < 201/ < 2[f1, and
1P < 20A0/(1 = K, ). (1)
Thus
2K, 0
I/ =Pl = ILf — Pl < wdd) + 1—_—;{"3“/"1,
and the inequality of the theorem follows from Eq. (6). Q.E.D.

THEOREM 2. Let r, 0 <r < 1, be given, and let F, be a subset of [—1, 1]
Sor which |F | K,<1—r. For any fin C[-1, 1|, let P, be the polynomial in
7, which best approximates f on F,. Then |f—P,|<{1+2/r)E(/),
where, as usual, E (f)=d(f, n,).

Proof. The proof is analogous to {5, p. 93]. Q.E.D.

The function ¢, which has been fixed in Theorems 1 and 2, will now be
varied and inequality (4) will be used to derive a criterion for choosing ¢.
Say that ¢ is optimal (with respect to inequality (4)) if, given |a, b] and the
number m of points in the finite subset F of |—1, 1}, ¢ minimizes the right-
hand side of (4). Note that only the number m of points in F is given; F is
otherwise unspecified.

If F contains m points {y,,..., ¥,,}, then for a given ¢, | F| has its minimum
value of (b — a)/2m for the choice

y=¢@+ Q- Do—a)f2m),  j=12..m. (12)

640/41/1-3
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This minimum value of | F, for a given |a. b]. is independent of ¢. Therefore.
minimizing K,d by the optimal choice of ¢. and thereby minimizing the
right-hand side of inequality (4) as well as obtaining the best constant r in
Theorem 2, is achieved by minimizing K,. When the optimal ¢ has been
found, Eq. (12) indicates the corresponding optimal choice for the m points
in F.

A function B, is a bound for the derivative on n, if

[P () < B ()P, forall Pinm,. -l <x<l. (13)

For a continuous bound B, define

X

C,x)=| B,)dr. (14)

n |
The best bound B, which is continuous |23, p. 162]. is given by

Byr(x) = sup||P'(x): P in 7, [P < 1}
p

and the corresponding

WX

Crix)=| BfnadL

"
1

For a discussion of B} and related matters see [3. 23 ].

THEOREM 3. Let B, be a continuous bound on the derivative on x,. and
for a given interval |a. b). define

0,,(.\‘):C”‘(Cn(l)(;;zi)). (15)
Then
nfllD,, sl <P, o, < €16~ a). (16)
and for
05(x) = (CH'(CHD (== - (1)
nf D1, = D1, 0= Crb — a) (18)

Proof. For P in x, with {|PI< 1. (D(P2¢)x)=|P(o{x)) o' (¥) <
IB (6(x) ¢’ (x) = {DC,(¢(x)). The function C,o¢ maps [a.b]
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monotonically onto [0, C,(1)}]; the choice of increasing ¢ which minimizes
sup,{| DC,(¢(x))i: —1 < x < 1} is given by (15) and (16) follows.

From the definition of the best bound B}, given ¢(x) in (—1, 1) there is a
P in 7, of norm one with

[D(P o ¢)(x)| = [Bf(g(x)) ¢'(x)| = | DCF (#(x))l.
Therefore,

ID]

7!,10'1)

| = {sup [DCF(@(x)): =1 <x < 1}

As above, this norm is minimized by the function ¢} of Eq. (17). Q.E.D.

Equation (18) gives a formula for K, =inf, [|D|, _,|. The best bound on
the derivative on n+ l-dimensional subspaces, d,,,=inf,{|D|,l: M a
subspace in the domain of D, dim M = n + 1}, is discussed in {24 where it
is shown that d,,, =n. From the asymptotic results given below (with
(a,6] = |1, 1) K, [y, ~ /2.

Given an interval [a, b|, K, has a minimum value of C¥(1)/(b — a). The
interval [a, b] is not relevant in minimizing the product K, d; in fact, K,J
has the value

The minimum of K, for m points is C}(1)/2m (19)

for the best choice (12) of m points, and this vaiue does not depend on
la, b). As (17) indicates, there is a family of optimal ¢ defined on different
intervals and related by a linear change of variable.

Markov’s inequality gives the bound B,(x)=n’ and, therefore, to within
composition with a linear transformation, ¢,(x) = x. For this ¢, the m points
of (12) are equally spaced, and K, < C,(1)/2m =2n*/2m.

Bernstein’s inequality gives the bound B (x) = n/\/l — x? and, to within
composition with a linear transformation, ¢,(x)=—cosx. For this ¢, the
points (12) are the classical choice (1), and K,0 < C,(1)/2m = nn/2m.

The best bound B gives the optimal ¢} of Eq. (17) and the smallest value
C*(1)/2m for K, 0.

The formulas for B} and Bf given in |3; 21, p.112] allow the
computation of C¥(1)=4.39.. (compare with 27=6.28..) and
C¥(1) = 7.02... (compare with 37 =9.42...). The function B} is, in general,
quite difficult to compute |3, 16, 23]. However it is possible to
asymptotically estimate C*(1) and so compare the optimal ¢} with the
classical cos x by comparing C#(1) and nn. To do this an elegant result of
Bernstein’s is needed:

B*(x)~ n/\/1 —x%. (20)
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Bernstein’s ideas in [1], after bypassing several difficulties in his proof. apply
to give the asymptotic formula (20) with an error term which allows the

calculation of an asymptotic formula for C¥(1).

THEOREM 4. Equation (20) holds: in fact for n > 4.

n n'? Tt 4
0 < ————B}(¥) < - - S
S /1= \\/l~x‘ WV1—x)7 /1 —=x%)
and
C*1 (o1
"():1+0( ) (22)
nn \ \/;
Proof. Bernstein’s basic idea is to consider
Q, =cos(nt —9d). X == Ccos 8. 08« (23)

where ¢ is a temporarily unknown function of x. He was probably motivated
to consider such a function by the extraordinary usefulness of the Chebyshev
polynomials 7 ,(x) = cos nf. x = cos #. From the addition formula.

Q, = cos nf cos § + sin nf sin 9.

The trick is to choose d so as to have a simple form for Q,. B

To motivate Bernstein’s choice of 6. note that sin nf = \/1 - x> U, (x).
U, , the Chebyshev polynomial of the second kind [21. p. 7]. Consider a
right triangle with acute angle . The radical will be removed from the term
\/l —x* U, ,(x)sind if the side opposite ¢ is choosen to be of length
k\/1—x*. Then, letting y be the length of the side adjacent to 4. the
denominator \/y? + k*(1 — x?) of cos & will be simple if ' is choosen to be a
linear function of x which makes the radicand a perfect square. When this is
done Bernstein’s choice is obtained:

J = arc cos (a::xl ), sin & =sgn(a) \/(@> — 1)(1 —x%)/(a—x), (24)

where a is a constant with |a| > 1 (and the sign of sin d is positive because
0 < J < 7). Then

0,(x) = [T (x)ax — 1)+ U, ,(x)(1 ~x*)sgn(@) V/a’ — 1 ]/(a—x) (25)



UNIFORM POLYNOMIAL APPROXIMATION 35

is a polynomial of degree # + 1 divided by @ — x and so has the form
Qn(x)':Pn(x) +A/a — X, (26)

P, a polynomial of degree n and 4 a constant. o
Use the formulas 7,(x)=2i{(x+x'—1)"+ (x—/x'=1)"], [21,
p.5] and U,_,(x)=(1/2/x> = D)[(x +/x = 1) = (x —/x = 1)"] to

compute
4 =(a’—1)a—sgn(a) /(@ —1))". (27)

As a function of a > 1, A attains its maximum when a* = n*/(n* — 4), and
this maximum, which is asymptotic to (4/e®)(1/n?), is bounded by 1/n’ for
n>4, Thus for n >4 and |a| > 1,

A< 1n’. (28)

The bound (28) shows that P,, as given by (25) and (26), is, for large n,
close to the function Q,, and Q, is a function which resembles a Chebyshev
polynomial in the way it alternates between +1 and —1. Bernstein uses these
ideas, and generalizations, to obtain several asymptotic resuits [2, p. 10-26].

Differentiate P,,:

Pi(x)= sin(né — o) (1 .

sin & A
)- ( (29)

n
vi—x? m/ 1 —x? a—x)*

Let x, in (—1, 1) be given and set §, = arc cos(x,). For some integer k,
nfy—n/2—kn is in [0,z]|, and the range of the function §,(a)=
arc cos{{ax, — 1)/(a—x,)) on |a|>1 is (0,8,)U(8,,n). Consequently,
given €>0 a value a’ can be choosen with [a’[>1 and
{sin(nf, — dy(a’))| > 1 — &. Suppose that a’ > 1. If @’ is too close to 1, || P,||
will be too large; to get around this problem, take @” = max(a’, 1 + n~ ¥ 3,
where the exponent 3/2 is choosen with the final asymptotic formula (22) in
mind. If @’ < 1 + n~%2, we need to estimate how close sin(nf, — d,(a’)) is to
sin(nf, — d,(1 + n~*?)). Since

d 1 —x¢ 4
Ecos(do(a)) Ta—x)t T 1—x¥’
41b—
| cos(6,(a)) — cos (b < L4, (30)
1—x;
and it follows that
4

|cos(@g(a’)) — cos(S(1 + ™) < €2))
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Set a =1 in (30) and multiply by 1 — cos(d,(b)) to get

Blb— 1

(1—x3)

Thus sin’ d,(a’) and sin®dy(1 +n **) are both bounded by
(8/n**)(1/(1 — x3)). Then

[sin(nf, — d(a’)) — sin(nf, — d,(1 + n V1))

sin?6,(b) <

1

)) + cos nf,(sin d,(1 +n )

= |sin nfy(cos d,(a’) — cos (1 +n" 2

—sin dy(a’))]
4 2-\/8
S - xp) 4\/1 —x

If ¢ is taken 1o be less than, say, (6 —2y/8)/n'*\/} — x, then

4 6
R RV

holds for a” =max(a’.1+n "), when a >1. When a’ <1, let
a” =min(a’,—1 —n~¥?), and argue as above to see that (32) holds. Now

seta=a"in P,.
From (23), (26). (28). and the fact that ja”| > 1 +n 7.

Isin{nf, — d,(a”)) > 1 (32)

: I
g
(la"|—1) noe
Using (29)
Pi(xo)] > ——— [sin(n, — dya" )| {1 =———
V1—xl n\/l X3
1
n’(1 _‘lxo[)z '
Using (32)
n 1 4 6
Pi(xo) > e :
P> (e e )
4
n?(1 — x?)

n 1 ( e 4 4
= — — — 5 1 + 6)’1 T+ = - 5
Vi—xt (1—xp) ’7‘) n'2(\/1 —x2)
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For n >4,

n n'’* 4
VIi-x2 l=xg p20/T=x2)*
Hence B(xy) > | P40l ol > (1 — 1/n7%) | P(x,)] and (21) foliows.

To estimate [} B¥(f)dt, consider the point /1 —1/n*=1—c¢, where
Markov’s bound #? (on the derivative on 7,) and Bernstein’s bound

n/\/1 —x* agree, and break the interval of integration into [0, 1 —¢,] and
[l —c,, 1] with 1 —¢, ~ 1~ 1/2n>. Then integrating Eq. (21) shows that

| P(x)l >

~1—

| "B di~ nmf2 + O(/n),

while
~1 1
| B;f(t)dzgj n?dt~ 1.
1-c, l—c,
Hence
1
| Br@di=nn/2+ 00/n)
0
and (22) follows. Q.E.D.
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